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Introduction

e An auction is one of many ways that a seller can use to sell an
object.

e Other ways to sell an object:

e Random allocate
e Negotiate with one of the buyers, chosen at random.
e Hold an auction and negotiate with the winner

e What is the best way to allocate an object?

e Content extracted from Auction Theory [1]
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Definitions

e N risk-neutral potential buyers from the set N'={1,2,..., N}
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N
Definitions

N risk-neutral potential buyers from the set N' = {1,2,..., N}

@ Buyers have private values and these are independently
distributed.

o X@ ~ E with domain Xl = [O,Wi]. (fz = F‘z/)

o X = x4,

o f(x)= fi(z1) X fa(x2) X -+ X fn(xN), where x = (z1,22,...,ZN)
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Definitions

N risk-neutral potential buyers from the set N' = {1,2,..., N}

@ Buyers have private values and these are independently
distributed.

e X; ~ F; with domain X; = [0,w;]. (fi = F))

o X = x4,

o f(x)= fi(z1) X fa(x2) X -+ X fn(xN), where x = (z1,22,...,ZN)

@ X_j = (T1,X9y oy Tim1, Tit1s---,TN)
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Direct Mechanism

e A direct mechanism (Q, M) is a pair of function:

Q: X —A M: X —RY
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Direct Mechanism

e A direct mechanism (Q, M) is a pair of function:

Q: X —A M: X —RY

Qi(x) is the probability that ¢ will get the object
M;(x) is the expected payment by ¢

e Big assumption: We assume that x is the truthfully values of
buyers... x is the equilibrium for buyers. why?

Héctor Cardenas Mechanism Design September 30, 2024 4/18




|
Incentive Compatibility

e Given a direct mechanism (Q, M), define:
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Incentive Compatibility

e Given a direct mechanism (Q, M), define:

qi(z) = /X__ Qi(2iy %) f—i(x_;)dx_;

mi(zi) = . Mi(zi,x ) f—i(x—)dx

@ Where ¢; is the probability that ¢ will get the object when he
reports his value to be z; and all other buyers report their values
truthfully. Finally, m; is the expected payoff of ¢ when his report
is z; and all others buyers tell the truth. %
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cont.

o The expected payoff of buyer ¢ when his true value is z; and he
reports z;, assuming that all other buyers tell the truth is:

qi(zi)zi — mi(zi)
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o The expected payoff of buyer ¢ when his true value is z; and he
reports z;, assuming that all other buyers tell the truth is:

qi(zi)zi — mi(zi)

@ The direct mechanism (Q, M) is said to be incentive compatible if:

ui(zi) = qi(xi)wi — mi(wi) > qi(2zi)zi — mi(z;)
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cont.

o The expected payoff of buyer ¢ when his true value is z; and he
reports z;, assuming that all other buyers tell the truth is:

qi(zi)zi — mi(zi)

@ The direct mechanism (Q, M) is said to be incentive compatible if:
ui(wi) = qi(zi)wi — mi(xi) > qizi)wi — mi(2;)
e Incentive compatibility implies that:

2 €4

ui(;) = max {qi(z;)z; — mq(zi)} %
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cont.

e For all z; and z;:

qi(wi)zi — mi(xi) = qi(zi)wi — mi(w;) + qi(xi) (21 — x4)
= ui(x;) + qi(25) (2 — 4)
ui(zi) > wi;) + qi(wi) (2 — x4) (IC)
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cont.

e For all z; and z;:

qi(wi)zi — mi(xi) = qi(zi)wi — mi(w;) + qi(xi) (21 — x4)
= ui(x;) + qi(25) (2 — 4)
ui(zi) > wi;) + qi(wi) (2 — x4) (IC)

e Using the theorem of the envelope:

0 0
%Ui(xi) Ere max {qi(zi)xi — mi(2;)}
= qi(x;)
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cont.

Payoff,

qi(z:)

X
Z; Z " %
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cont.

e Because u/(z;) = ¢;(z;):

ui(z5) = u;(0) + /in qi(si)ds;
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cont.

e Because u/(z;) = ¢;(z;):

ui(z5) = u;(0) + /in qi(si)ds;

o Using u(z;) > u(x;) + qi(x)(zi — ;):

/:Z qi(si)ds; > qi(x;) (2 — x;)
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cont.
e Because u/(z;) = ¢;(z;):
uz(xz) = UZ(O) +/ l qi(si)dsi
0

o Using u(z;) > u(x;) + qi(x)(zi — ;):

/:Z qi(si)ds; > qi(x;) (2 — x;)

o Incentive compatibility holds ¢; non decreasing.
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Revenue equivalence and Individually Rational

o If (Q,M) is incentive compatible, then for all i and z; the
expected payment is:

mi(z;) = m;i(0) 4 qi(zs)x; — /Oxi qi(s;)ds;
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Revenue equivalence and Individually Rational

o If (Q,M) is incentive compatible, then for all i and z; the
expected payment is:

mi(z;) = m;i(0) 4 qi(zs)x; — /Oxi qi(s;)ds;

e A mechanism is individually rational if u;(x;) > 0. If mechanism is
IC, then individually rational implies u;(0) > 0, or:
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|
Optimal Mechanism

o The expected payoff of the seller is:

E[R] =) Elmi(Xy)]

ieN
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|
Optimal Mechanism

o The expected payoff of the seller is:

E[R] =) Elmi(Xy)]

ieN
o The ex-ante expected payment of buyer ¢ is:
Bimi (X)) = [ (mi(O) Faitai - [ qi(si)dsi> filws)de
=m;(0) + /OM ziqi(x;) fi(zi)d;

_/0”1' /Oxi qi(si) fi(x)dsida;
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cont.

E[mi(X;)] =m;(0) + /OM viqi(;) fi (i) dw;
_ /OM /:JZ qz(sz)fz(xl)da:zdsz
—mi(0) + [ (i) i) i) (1~ Fiwi))) o,

mm0)+ [ (w1 }fwﬁ) i (1) fo)
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cont.

o Using ¢;(z;) = /X Qilzi,x) foi(x-i)dx i

E[m;] = m;(0) —|—/M (a:-—
mi(0) + [ (- )@MV(MX

= 3> mi(0 +Z/( ) (e x)ax

ieN ieN )
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cont.

o Define ¢;(z;) = z; — 1}5;(31) The seller should choose (Q, M) to
maximize:

Z m;(0) + /X <Z %(%)Qz(%)) f(x)dx

ieEN

ieEN
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cont.

o Define ¢;(z;) = z; — 1}5;(31) The seller should choose (Q, M) to
maximize:

Z m;(0) + /X <Z %(%)Qz(%)) f(x)dx

ieEN ieEN

e We’ll focus on these term:

> i) Qi)

ieN
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cont.

o Define ¢;(z;) = z; — 1}5;(31) The seller should choose (Q, M) to
maximize:

Z m;(0) + /X <Z %(%)Qz(%)) f(x)dx

ieEN ieEN

e We’ll focus on these term:

> i) Qi)

ieN

e What do you think? %
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Solution

° Qi(x) >0 = ¢i(x;) = max 1 > 0
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Solution

0 Qi(x) >0 — wz(xz)—maij >0

o MZ(X) / Qz Ziy X dzz
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Solution

° Qi(x) >0 = ¢i(x;) = max 1 > 0

) MZ(X) = QZ(X)$Z — \/OacZ Qi(zi,x,i)dzi

e By regularity ¢/ > 0, so, if z; < z; = Qi(2i,x—;) < Qi(wi,x—)
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Solution

° Qi(x) >0 = ¢i(x;) = max 1 > 0

;i
M;(x) = Qi(x)z; */0 Qi(2i,x—i)dz;
By regularity ' > 0, so, if z; < z; = Q;(zi,x—;) < Q;(wi,x_;)
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Solution

° Qi(x) >0 = ¢i(x;) = max 1 > 0

;i
M;(x) = Qi(x)z; */0 Qi(2i,x—i)dz;
By regularity ' > 0, so, if z; < z; = Q;(zi,x—;) < Q;(wi,x_;)
M;(0,x_;) = 0, and hence, m;(0) = 0.

e The maximized value of the expected revenue is:

E[R] = E[max {11(X1),1%2(X2),...,¥n(XnN),0}]
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cont.

e More “intuitive formula”:

yi(x—i) =inf{z; s i(z:) 20 AV j #4,9i(2) > ¥;(2))}
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cont.

e More “intuitive formula”:

yi(x—i) = inf {2 1 ¥i(2:) >0 AV j#i,¢i(21) > ¥i(x;)}

1, =z > yi(x,i)
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cont.

e More “intuitive formula”:

yi(x—i) = inf {2 1 ¥i(2:) >0 AV j#i,¢i(21) > ¥i(x;)}

1, Z; > yi(x,i)
0, z; < yi(x_i)

@i T —yi(X—i), T > Yi(X—)
i(zi,X—i)dz; =
| @tx {0’

Qi(zi,x—) = {

< yi(x—s)
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cont.

e More “intuitive formula”:

yi(x—i) = inf {2 1 ¥i(2:) >0 AV j#i,¢i(21) > ¥i(x;)}

L, 2z > yi(x—y)
0, 2z <yi(x—s)

Qi(zi,x—) = {

/%Q(z X_)dz; = i = yi(x-i), @ > yi(x—)
N U & < yi(x)

Mi(x) = yi(x-i), Qi(x)
' 0, Qi(x)

R
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Symmetric Case

o If for all i, f; = f = ¢ = ¢

E[R] = max {w‘l(O), max wj}
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Symmetric Case

o If for all i, f; = f = ¢ = ¢

E[R] = max {w‘l(O), max wj}

@ The optimal mechanism is a second-price auction with a reserve
price r* = 1~1(0).
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